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FACTORS  AFFECTING  MEAN  POKER  RESPONSE  TO  MULTIPATH  PAYS  ARRIVING  AT  DIFFERENT 
ELEVATION  ANGLES  _  y ,  „ 


The  power  response  to  a  source  along  the  :r.ain  beam,  assumed  to  be  in 


V>  v 


the  y-z  plane,  was  given  in  QFR  No.  31,  equation  (10),  page  30,  as 
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where  it  was  assumed  that  elements  are  distributed  ncrr.nllv  in  dimensions 
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x,  y,  z,  with  standard  deviation  c  t 
of  arrival  of  ray  21 ,  tre-1,2, 
factors  dttornip.'*  the  gai.v.  variation  with  element  s 
f  (measured  with  resect  to  the  vertical). 
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Figure  3.1  (a)  ,  H  )  ,  (c)  ,  (J)  ,(Ot( f  )  shews  seme  rcpro.er.tat 
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in  elevation,  though  for  a  =  SOX ,  a  15  I  OX,  and  0  -  80°  the  two  functions 

°  y  Z  Z 

are  nearly  equal,  as  a  rule  with  o^/a^  -  2,  1^  established  the  pattern  in  ele¬ 
vation  and  it  is  sufficient  to  consider  it  and  to  let  Iy  =*  1. 

In  the  work  discussed  below  on  the  noise  correl  ition  we  consider  elements 
uniformly  dispersed  in  depth  where  here  v:e  have  as  mimed  normally  distributed 
elements.  Extraordinary  differences  between  these  two  cases  are  not  expected 
though.  Similar  com put  at  ions  of  the  uniformly  distributed  case  were  therefore 
not  carried  out. 

Paul  Ych 
Fred  Haber 


MULT I REAM  NOISE  CORRELATION 

Consider  the  system  in  Figure  3.2,  QTR  No.  31.  The  branch  signal  level, 
when  the  array  is  focused  in  tin'  vertical  plane  containing  the  Y-axis  and  at  an 
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angle  0^  to  the  vertical,  is  given  by  (2)  of  QPR  31.  The  equation  is  rewritten 
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shown  in  the  figure  referred  to  is  given  oy 
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when  noise  levels  into  all  the  branches  have  equal  mean  square  value  and  are 
independent  from  branch  to  branch.  The  total  system  signal  output  is,  in  this 
case  , 
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and  the  total  noise  ouput  has  a  mean  square  value  given  by  the  second 
expression  p.  35  of  OPR  31 .  namely. 
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where  the  are  defined  by  (2).  The  angles  in  (5)  are  given  by  the  following 
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where  we  h.nv  used  (1)  and  (A)  in  writing  (/)  and  where  we  have  denoted 
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If  the  noise  processes  in  the  different  branches  wore  uncorrelated 
the  output  mean  sciunre  noise  level  would  be 
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n=l  "  i=l  1 

The  output  s igna 1 -to-noise  ratio  (SNR)  is  here  defined  by 
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where  we  have  assumed  mean  noise  power  at  all  elements  to  be  equal  and  where  we 
have  used  (2),  (3),  (4)  and  (9)  to  write  (10).  If  the  A.  were  not  random 
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variables  (or  if  they  were  to  have  small  variance),  Y  would  be  the  sun  of  SNR's 
of  the  branches,  a  result  well  known  for  maximal  ratio  combining  of  diversity 
branches  in  communications.  In  our  situation  the  branch  noises  nay  not  be 
un correlated  and  there  is  the  possibility  of  larger  noise  levels.  We  examine 
conditions  which  will  give  uiicorre  la  ted  r.ciscc.  (5)  can  he  expanded  to  crivo 
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and  ^  are  the  amplitude  and  phase  of  the  complex  amplitude  on  branch  i  as 

given  by  (1).  These  random  variables  .arc  not  determined  by  the  position  random 

variables  v  and  z  because  the  presence  of  in  the  exponent  of  (1)  which 
n  n  m 

is  uniformly  distributed  in  (0,  2*0.  On  the  other  hand,  the  $  .  arc  determined 
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only  by  the  position  random  variables  v  and  x  .  Thus  the  pair  (A  ,  v  )  are 
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independent  of  .  for  all  i.  Kur tliermore  from  (6)  ve  sr  c  that  b  ■  is  a 
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linear  function  of  the  random  varinbl*  s  y  and  z  .  We  assume  the  latter  to  be 
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symmetrically  distributed  around  zero  so  that  <  si  n(d»  .  .)>  ~  0.  (11)  thus 
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We  point  out  that  if  either  <  cos(0  .  -  :  .)  >  or  <  A.  A.  cos  (’i1 .  **  r. )  >  is 
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zero  for  all  i  4  j  (12)  reduces  to  (9)  that  is,  the  uncorrelated 
branch  noise  case  is  obtained.  We  investigate 
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since  it  is  much  less  complicated  than  <  cos ( . .  -  'X)  >.  The  angles  6 
of  interest  to  us  are  in  the  range  of  about  to  100°.  It  can  be 

demonstrated  that  (sinO  sinO  .)<<  (cosg  cos£^.)  for  angles  in  this  range. 
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Also,  if  ve  are  to  have  hi^h  vertical  resolution,  the  variance  of  z  will 
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have  to  be  of  the  same  order  as  the  variance  of  y  .  Thus  we  can  argue  that 
(13)  can  be  rp  p r ox i mo t ed  by 
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If  the  rv  z  is  here  assumed  unifornlv  dist: 
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(16)  suggests  that  to  make  <  cos (^ni“'^nj >  >  =  0  for  1  ^  branch  focii  be 

placed  so  that  a.  .  ~  mfr,  m  an  integer, 
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The  9  ^  will  all  be  concentrated  around  90°,  generally  in  the  range 
(80° ,  10Q°).  Thus  we  are  led  to  write 
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so  that 
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The  angular  separation  between  beams  to  get  uncorrelated  noise  outputs  at 
the  different  branches  should  therefore  be 
6sf  -  °si  ■  S 


If,  for  instance,  h  =  25a  (meaning  that  the  array  size  in  depth  is  50 
wavelengths  which  at.  Hz  implies  a  depth  of  about;  750  meters)  adjacent 
beams  ought  to  be  spaced 

A0s  =  or  =  1/50  rad  *  1-15° 

in  order  for  the  roise  variables  entering  into  the  final  summer  to  be 
uncorrolat ed . 

The  next  step  to  be  taken  will  be  to  determine  the  array  power 
response  with  array  output  processed  as  described  above.  If  the  multi- 
path  rays  were  to  come  in  on  the  center  lines  cf  the  vertically  spread 
beams  the  overall  array  response  would  be  maximized.  Some  beams  are  ex¬ 
pected  however  to  see  no  incoming  rays,  others  may  see  more  than  one  ray. 
In  the  latter  case  the  multipath  i  s  not:  resolved  by  the  array  processor 
and  the  combined  rays  add  non-coheron t lv .  The  correspond ing  diversity 
branch  will  see  a  fluctuating  level  depending  on  the  relative  ray  phases. 
While  the  processor  cannot  ir.mrove  the  signal  level  in  this  case  the 
weighting  oiicnit  will  take  account  of  this  fluctuation  to  maximize  the 
signal  to  noise  ratio  by  suppressing  the  branch  output  if  the  signal  com¬ 
ponent  is  small  and  amplifying  the  branch  output  if  the  signal  component 
is  large. 
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The  calculation  of  these  effects  Is  time  consuming.  We  plan  to  carry 
out  a  simulation  of  this  next  step  by  assuming  a  fixed  number  of  rays  arriving, 
each  uniformly  distributed  over  a  range  of  latitude  angles  about  ±10%  relative 
to  the  horizontal.  Independent  noise  at  each  sensor  will  be  assumed.  Beams 
will  be  spaced  as  specified  above  covering  the  same  range  of  latitudes  and 
the  statistical  properties  of  the  array  output  SNR  will  be  found.  This  calcu¬ 
lation  will  also  serve  as  a  test  of  assumptions  made  earlier  to  simplify  calcu¬ 
lations  of  noise  output. 

Fred  Haber 
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